Opti S03A Midterm Solutions Spring 2021

Problem 3) a) The minor and major semi-axes of the cross-sectional ellipse at a height z = nA
are (nA/h)a and (nA/h)b. Therefore, assuming the slice is sufficiently thin, the volume of the
corresponding slice will be m(nA/h)?abA. The volume of the cone is now obtained by adding
up the volumes of all the slices fromn = 1to N = h/A, as follows:

V=1limy,, Z:zln(nA/h)zabA = lim,_, o(mabA3/h?) Z:zl n?
= limy., o(TabA3/6R2)N(N + 1)(2N + 1)
= limy.. (ab/6h?)h(h + A)(2h + A) = mabh/3.

b) The procedure is the same, except that the minor and major semi-axes of the cross-sectional
ellipse at z = nA are now (ynA/h)a and (yynA/h)b. The total volume is thus given by

V =limy, o 2N, t(nA/h)abA = lim,_, o(mabA?/h) ¥N_ n
= limy_, o(mabA?/2h)N(N + 1) = lim,_, o(mab/2h)h(h + A) = mabh/2.

c) Once again, the procedure is the same, but the minor and major semi-axes of the cross-
sectional ellipse at z = nA are (nA/h)3/2a and (nA/h)3/?b. The total volume is now given by

— I; N 3 — Ji 4 /13 N3
V=1limy,, anln(nA/h) abA = lim,_, o(mabA*/h3) anln

= limy_, o(mabA*/h3)[N(N + 1) /2]? = limy_, o(wab/4h3)[h(h + A)]? = wabh/4.
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